We give a thorough investigation of sequences of uniformly rotating, homogeneous axisymmetric Newtonian equilibrium configurations that bifurcate from highly flattened Maclaurin spheroids. Each one of these sequences possesses a mass-shedding limit. Starting at this point, the sequences proceed towards the Maclaurin sequence and beyond. The first sequence leads to the well known Dyson rings, whereas the end points of the higher sequences are characterized by the formation of a two-body system, either a core-ring system (for the second, the fourth etc. sequence) or a two-ring system (for the third, the fifth etc. sequence). Although the general qualitative picture drawn by Eriguchi and Hachisu in the eighties has been confirmed, slight differences turned out in the interpretation of the origin of the first two-ring sequence and in the general appearance of fluid bodies belonging to higher sequences.
INTRODUCTION
If one moves along the Maclaurin sequence of uniformly rotating, axisymmetric, homogeneous fluid ellipsoids with fixed mass and fixed density, starting at the non-rotating configuration and proceeding towards increasing angular momentum, one first encounters the Jacobi branch point where the ellipsoids become secularly unstable with regard to the first non-axisymmetric perturbation (see e.g. Chandrasekhar 1969 ). The corresponding Jacobi sequence branching off at this point leads to further bifurcations, in particular to Poincaré's 'pear-shaped' sequence (see Eriguchi & Hachisu 1982b) . Farther along the Maclaurin path, one next comes to the bifurcation points of the non-axisymmetric 'triangle', 'square' and 'ammonite' sequences (Chandrasekhar 1969 , Eriguchi & Hachisu 1982a , before one arrives at the first axisymmetric sequence bifurcating at an eccentricity ε1 = 0.98523 (Chandrasekhar 1967 , Bardeen 1971 . As conjectured by Bardeen (1971) and confirmed by Eriguchi & Sugimoto (1981) , the bodies of this sequence pinch together gradually at the centre and eventually form the anchor-ring configurations studied by Dyson (1892 Dyson ( , 1893 and Wong (1974) ; see also Poincaré (1885) , Kowalewsky (1895) , Lichtenstein (1933) and a somewhat related paper by Kley (1996) .
Another not yet confirmed conjecture by Bardeen ⋆ E-mail:ansorg@tpi.uni-jena.de (1971) concerns a sequence of axisymmetric 'central-bulge' configurations likewise bifurcating at ε1. In this paper we indeed found this sequence, which might be considered to be a continuation of the Dyson-ring sequence beyond the Maclaurin ellipsoids and ends in a mass-shedding limit. However, the surface shapes of the corresponding fluid bodies do not generate a 'central-bulge' region; their appearance is more 'lens shaped'. Apart from the study of the Dyson-ring sequence we shall give a detailed analysis of the next axisymmetric sequences bifurcating from the Maclaurin ellipsoids. The first core-ring sequence branches off at ε2 = 0.99375. Starting at a mass-shedding limit, this sequence proceeds towards the Maclaurin sequence and beyond, finally leading to the formation of a core-ring system.
In contrast to the results by Eriguchi & Hachisu (1982a) who stated that the first two-ring sequence branches off at ε2, we found that the bifurcation occurs at ε3 = 0.99657. Again, a mass-shedding limit marks one end point of this sequence, leading from here towards and beyond the Maclaurin sequence and ending in the formation of a two-ring system.
The same qualitative picture repeats as one moves to the higher axisymmetric bifurcation points at ε4 = 0.99784, ε5 = 0.99851 etc., of which there are infinitely many, accumulating at ε = 1 (Bardeen 1971 ). Starting at a mass-shedding limit, the sequences proceed towards the Maclaurin sequence and beyond, leading eventually to the formation of a core-ring system for ε 2l and a two-ring system for ε 2l+1 , see Figs 7-11. The body's surface is characterized by a particular number of grooves, notably l, for configurations close to the two-body systems that are the end-stages of the sequences bifurcating at ε 2l and ε 2l+1 . The outermost groove pinches together first and an outer ring without grooves separates. In some continuation process beyond this formation of a two-body system, the other grooves might also pinch off, leading eventually to a multi-body system, at most consisting of a core and l rings or (l + 1) rings respectively 1 . However, since a continuation process of this kind is not unique, we consider the sequences in question precisely up to the formation of the two-body system. These investigations have been carried out up to the ε10-sequence. The corresponding final configurations, when the two-body system is formed, can be seen in Figs 7-11.
Representative plots of physical quantities as well as of meridional cross-sections have been provided up to the ε5-sequence, see Figs 1-10. Note that the Maclaurin sequence becomes dynamically unstable with respect to axisymmetric perturbations for ε > 0.99856 (Bardeen 1971 , Eriguchi & Hachisu 1985 . Therefore, if we restrict our considerations to axial symmetry, the sequences bifurcating at ε1, ε2, . . . , ε5 are more relevant than those branching off at ε6, ε7, . . . (ε k ε6 = 0.99891 for k > 5). Table 1 lists physical quantities for the Maclaurin ellipsoids at the bifurcation points ε k for k = 1, 2, . . . , 10. Tables 2-4 contain numerical data with an accuracy of five digits for configurations of the ε1, ε2 and ε3-sequences. Additionally, Table 5 lists the ratios of the masses of the inner to the outer body at the two-body formation point for the ε2 . . . ε5-sequences.
BIFURCATION POINTS OF AXISYMMETRIC SEQUENCES
In this Section we review the results by Bardeen (1971) who obtained all bifurcation points on the Maclaurin sequence which correspond to axisymmetric perturbations. For our purposes, we will use the Maclaurin ellipsoids at these points as initial solutions for finding the respective sequence branching off. The solution Φ of the axisymmetric Poisson equation
where G is Newton's constant of gravity, µ the mass density, and △ the Laplace operator, given in cylindrical coordinates (ρ, ζ) by
can be written in the form (Morse & Feshbach 1953) 
Here, the oblate spheroidal coordinates ξ and η are connected with ρ and ζ by
The functions P l are Legendre polynomials, and the functions p l and q l are defined by
The fluid body revolving with the uniform angular velocity Ω is in hydrostatic equilibrium if the condition
is satisfied at every point of the body's surface. In order to derive the Maclaurin solutions, one simply starts with an ellipsoidal shape of the surface characterized by ξS(η) = ξ0 = const. and moreover takes a0 to be the corresponding focal length. The density µ vanishes for ξ > ξ0 and is a positive constant if ξ < ξ0 which in the following we simply call µ. Then the resulting surface potential reads as follows
and the surface condition (2) indeed is satisfied, provided that Ω and Φ0 are well-defined function of a0, ξ0 and µ which can be read off from (2).
If we now consider an axisymmetric perturbation of the above Maclaurin shape
insert the corresponding surface potential into the condition (2) and linearize the resulting expression with respect to the small parameter κ, we uniquely find a neighbouring Maclaurin ellipsoid unless (1), . . . , (5) , the squared angular velocity ω 2 = Ω 2 /(4πGµ) is plotted against the radius ratio r 1 /ρ 2 , where r 1 = ζ 1 (ζ 1 : polar radius) for spheroidal figures and r 1 = −ρ 1 (ρ 1 : inner equatorial radius) for toroidal shapes; ρ 2 is always the radius of the outer equatorial rim. The dotted curve represents the Maclaurin sequence and the dashed one corresponds to the Dyson approximation. For the first five axisymmetric sequences, the squared angular velocity ω 2 = Ω 2 /(4πGµ) is plotted against the dimensionless squared angular momentum j 2 , given in formula (7). Dotted and dashed curves again refer to the Maclaurin sequence and the Dyson approximation respectively. The •'s mark the bifurcation points on the Maclaurin sequence and 2 the transition configuration of spheroidal to toroidal bodies on the Dyson-ring sequence.
is valid for some k ∈ {1, 2, 3, . . .}. The corresponding eccentricity ε k belonging to the root ξ
of the above equation is given by
and marks the bifurcation point on the Maclaurin sequence at which the k th axisymmetric sequence branches off. The numerical values of the first ten ε k are given in Table 1 . As illustrated in Section 4, the bifurcation points appear as cross-over points of the respective sequence with the Maclaurin sequence if one plots the evolution of these sequences in an appropriate parameter diagram (such as angular velocity against the ratio of polar and equatorial radii). Note that the corresponding linear surface displacement ξ
NUMERICAL METHODS
The Poisson-integral
over the fluid body V can be reduced to a one-dimensional integral as follows (Hill & Wheeler 1953 , Wong 1974 :
with
In these expressions the surface is described by a nonnegative function ζs defined on the interval [ρ1, ρ2] and ζ ′ s denotes its first derivative. Note that ρ1 = 0 for a spheroidal equlibrium figure, whereas for a toroidal figure ρ1 denotes the inner equatorial radius; ρ2 is always the radius of the outer equatorial rim.
The functions K and D are defined by the elliptic integrals 
and the modulus is given by
in the expressions (5) and (6) respectively 2 . Inserting the integral expression (6) into the surface condition (2), one gets a non-linear integral equation for the unknown shape of the body's surface, which is uniquely soluble at least in the vicinity of some given solution if an appropriate triple of parameters is prescribed 3 . We write the shape of the body's surface parametrically in terms of a Chebyshev expansion in the following manner:
The variable τ runs over the interval [0, 1] , and the parameter ζ1 represents the polar radius for spheroidal figures and ζ1 = 0 for toroidal shapes. If we prescribe µ, Ω and Φ0, restrict ourselves to a finite number (N − 2) of coefficients g k and take the surface condition (2) at the N surface points (ρs(τ k ), ζs[ρs(τ k )]) with TN (2τ k − 1) = 0, the integral equation in question turns into a system of N equations for the unknown coefficients g k and the likewise unknown quantities r1 and ρ2 where r1 stands for ζ1 in the spheroidal and for (−ρ1) in the toroidal case. Alternatively, we can prescribe the value g(τ = 1) and 3 As an example, the density µ, the angular velocity Ω and the constant Φ 0 of the fluid body can be taken. However, at the bifurcation points ε k it is necessary to use different parameters, in order to assure a unique solution, see below. (c) Figure 5 . For the Dyson-ring sequence, the dimensionless total energyĒ, given in formula (8), is plotted against 4πj 2 , see (7). The Maclaurin sequence is indicated by the dotted curve; the • marks the corresponding bifurcation point. The diagram (b) shows a magnified detail of (a), again with different stretching factors for the two axes. In (c), the difference (Ē −Ē M l ) of the respective energies of Dyson-ring configurations and Maclaurin solutions belonging to the same j 2 is displayed. The 2 marks the transition configuration of spheroidal to toroidal bodies.
search instead for Φ0. A choice g(1) = 0 assures a unique solution at the desired ε k -sequence if we are in the vicinity of ε k . This is due to the fact, that for all Maclaurin solutions g(τ ) is identically zero. The solution of the remaining system of N equations can be found by means of a Newton-Raphson method. The Maclaurin ellipsoids at the bifurcation points serve as initial solutions, and by choosing g(1) < 0 we move towards the mass-shedding limit of the respective sequence whereas g(1) > 0 yields the path towards the ring or core-ring struc- tures, see Section 4. The mass-shedding limit is reached when g(1) = −ζ 2 1 , which leads to a cusp at the equatorial rim of the body. Although for this configuration derivatives of the above function g are singular at τ = 1 (which results in a loss of accuracy, see below), we can choose g(1)/ζ 2 1 as one of our parameters and can thus place ourselves precisely on this point.
Once upon the sequence and sufficiently far away from the Maclaurin sequence, we may change the parameter prescription, e.g. to the triples (µ, Ω, Φ0) or (µ, r1/ρ2, Φ0). Note that rapid convergence of this method towards the actual shape of the body as N grows, requires, for a given set of coefficients g k , a highly accurate evaluation of the integral expression (6). This is done by dividing the interval [0, 1] into many subintervals, which are extremely small in the vicinity of the respective zero τ k and grow exponentially as one moves away from τ k . Moreover, for m ≈ 1 the elliptic functions are written in logarithmic expansions (see Gradstein & Ryshik 1981, p. 295 f.) . Additionally, special care is taken for surface points close to the equatorial plane. In this manner we achieve an accuracy of up to 12 digits for intermediate solutions that are sufficiently far away from the mass-shedding limit as well as from any transition body where the topology of the figure changes. The loss of accuracy as one approaches these critical configurations comes about since derivatives of g become singular at a certain point 4 on the body's surface. However, we are still able to obtain an accuracy of 5 digits for all physical quantities given in Tables 2-5. Fig. 7 . The abbreviations 'MSL', 'MLE' and '2-BS' refer to the mass-shedding limit, the Maclaurin ellipsoid and the formation of the two-body system respectively. Fig. 8 . The abbreviations 'MSL', 'MLE' and '2-BS' refer to the mass-shedding limit, the Maclaurin ellipsoid and the formation of the two-body system respectively. 
RESULTS
The evolutions of the five sequences bifurcating at the eccentricities ε1, . . . , ε5 are displayed in the Figs 1 and 2 where ω 2 = Ω 2 /(4πGµ) is plotted against the ratio r1/ρ2 and against the dimensionless angular momentum j 2 defined by
where M and J are the mass and the angular momentum of the body, respectively. The corresponding (dotted) curves of the Maclaurin ellipsoids are given as well as the analytic Dyson approximation of the ε1-sequence (dashed lines).
In Fig. 1 , the bifurcation points appear as cross-over points of the Maclaurin and respective ε k -sequence. One end of a particular sequence is marked by a mass-shedding limit, always possessing a higher angular velocity ω 2 compared to the other end. The details of the typical evolution of a particular sequence can be seen in Fig. 3 . A characteristic feature of all sequences is the occurence of a local maximum in ω 2 close to the mass-shedding limit, see Figs 3(b), 3(c) and 4(b).
All ε 2l−1 -sequences show the transition of a spheroidal to a toroidal figure, and ω 2 possesses a local minimum and
(L) Figure 6 . Meridional cross-sections of configurations belonging to the ε 1 -sequence, see Table 2 . The dimensionless quantity ζ/ρ 2 is plotted against ρ/ρ 2 . The Maclaurin body is denoted by hatching.
maximum before and after this point respectively, see also Figs 3(a) and 4(a). Another typical property is the vanishing gradient of ω 2 as a function of r1/ρ2 as well as a discontinuous change of the sign of its curvature at r1/ρ2 = 0. Apart from the ε1-sequence, the paths end with the formation of a two-body system, namely a core and a ring for k = 2l and two rings if k = 2l + 1. Shortly before coming to this end, a minimum in ω 2 occurs, which becomes less and less pronounced as one moves to higher values of k. Figure 7 . Meridional cross-sections of configurations belonging to the ε 2 -sequence, see Table 3 . The dimensionless quantity ζ/ρ 2 is plotted against ρ/ρ 2 . The Maclaurin body is denoted by hatching.
As depicted by Hachisu & Eriguchi (1983) , the paths of the ε k -sequences glance off the Maclaurin sequence 5 , if one plots ω 2 against j 2 , see Fig. 2 . Representative details corresponding to the ε1-curve can be seen in Fig. 4 . Note the extraordinary accuracy needed in order to resolve the global maximum in ω 2 close to the mass-shedding limit displayed in Fig. 4(b) . Figure 8 . Meridional cross-sections of configurations belonging to the ε 3 -sequence, see Table 4 . The dimensionless quantity ζ/ρ 2 is plotted against ρ/ρ 2 . The Maclaurin body is denoted by hatching.
In Figs 1 and 2 , moreover the analytic curves of the Dyson approximation can be found. With the assumption of circular cross-sections of the toroids as ρ1/ρ2 → 1, one may expand (5) in terms of (1 − ρ1/ρ2) and find by means of (2) 6 for large ρ1/ρ2. Fig. 5(a) is a replot of fig. 1 from Bardeen (1971) , with the Dyson approximation being replaced by the actual evolution of the ε1-sequence. Here, the dimensionless total energȳ E is given bȳ
with the kinetic and gravitational energies
The latter formula follows from the virial theorem
In our computations, we compared configurations with the same ρ 1 , ρ 2 and µ.
PSfrag replacements
PSfrag replacements Figure 9 . Meridional cross-sections of configurations belonging to the ε 4 -sequence. The dimensionless quantity ζ/ρ 2 is plotted against ρ/ρ 2 . The Maclaurin body is denoted by hatching.
which is valid for all stationary rotating fluid bodies, and from the hydrodynamical Euler equation giving for a uniformly rotating homogeneous configuration the pressure p by Coming from the toroidal end, the ε1-sequence intersects the Maclaurin sequence close to but not exactly at the bifurcation point. As can be seen in Fig. 5(c) , the ε1-sequence intersects the Maclaurin sequence another time before it moves on to the bifurcation point and beyond to the mass-shedding limit 7 . It is rather surprising that from this 7 The relation dĒ = 4πω dj, which is valid along any equilibrium sequence of uniformly rotating homogeneous fluid bodies (cf. Hartle & Sharp 1967 , Bardeen 1971 , explains two features of Fig. 5 : the two cusps and the fact that the slope of the ε 1 -sequence is identical to that of the Maclaurin sequence at the bifurcation point. Moreover, together with the coinciding slopes in the ω 2 -j 2 -plane (Fig. 2) , one can conclude that the second derivatives in theĒ-j 2 -plane (Fig. 5) are identical at the bifurcation point as well.
ents ents Figure 10 . Meridional cross-sections of configurations belonging to the ε 5 -sequence. The dimensionless quantity ζ/ρ 2 is plotted against ρ/ρ 2 . The Maclaurin body is denoted by hatching.
(10) Figure 11 . The formation of the two-body system at the end of the ε 6 . . . ε 10 -sequences.
entangled picture the correct connections of the Dyson-ring and the Maclaurin sequence could be drawn. Table 2 contains numerical data, accurate to five digits, for physical quantities belonging to the ε1-sequence. The corresponding meridional cross-sections of these bodies are displayed in Fig. 6 . The intermediate Maclaurin body (C) is denoted by hatching. Note that a lens-shaped configuration (B) appears that looks similar to the relativistic homogeneous fluid body displayed in fig. 1 (a) of Ansorg, Kleinwächter & Meinel (2002) . Additionally, the values of physical quantities like j 2 and ω 2 are similar for the two bodies 8 . Such a neighbourhood can also be found for the configurations (F ) and fig. 1 (b) of Ansorg et al. (2002) .
Likewise, Tables 3 and 4 list data for the fluid bodies shown in Figs 7 and 8. Again, there is a configuration (B) of the ε2-sequence (see Fig. 7 ) which is in the vicinity of a relativistic body, (c) in fig. 1 of Ansorg et al. (2002) . Note the hint of a minimum at the north pole of the relativistic figure. Also for the configuration (B), this property is suggested by the linear surface displacement (4). But, as can be seen in Figs 6-10, the Newtonian configurations in between the Maclaurin body and the mass-shedding limit neither generate a central bulge (which one would expect for the ε 2l−1 -sequences) nor a central minimum region (which would follow for the ε 2l -sequences). However, in the general relativistic vicinity of these solutions, at least the latter property seems to show up. Table 5 lists the ratios of the masses of the inner to the outer body at the two-body formation point for the ε2 . . . ε5-sequences.
Figs 9 and 10 display configurations of the ε4 and ε5-sequences, and Fig. 11 is devoted to the formation of the final two-body-system for the ε6 . . . ε10-sequences. As mentioned in the Introduction, for ε 2l the resulting configuration consists of a corrugated central core-region and an outer ring which just pinches off. Likewise, for ε 2l+1 a two-ring system is formed.
An interesting open question concerns the behaviour of the ε k -sequences as k tends to infinity, corresponding to the disk limit (ε → 1) of the Maclaurin ellipsoids.
